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Abstract

In this paper we construct the category of coverings of fundamental generalized Lie group-groupoid associated
with a connected generalized Lie group. We show that this category is equivalent to the category of coverings of a
connected generalized Lie group. In addition, we prove the category of coverings of generalized Lie group-
groupoid and the category of actions of this generalized Lie group-groupoid on a connected generalized Lie group

are equivalent.
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1. Introduction

Certain manifolds such as the torus T2 aso have in
multiplication structure, a generalized group
structure;  moreover, the generalized group
operations are C*. Manifold such as these are
called generalized Lie group or top space.
Generalized Lie group is an important class of
manifolds. In this generalized setting, severa
authors ( Molaei M. R., Mehrabi M., Oloomi A.,
Araujo J., Tahmoresi A., etc.) studied various
aspects and concepts of generalized groups and
generalized Lie groups (top spaces) [1]. This
structure is a different structure from the useful and
remarkable Lie groupoid which has been introduced
and studied by Gheorghe Ivan [2].

Precisely, the concept of generalized Lie groups
is defined by a set of definitions, i.e.:

Definition 1. ([3, 1]) A non-empty Hausdorff
smooth d-dimensiona manifold T is caled a
generalized Lie group, if thereis a product mon T
such that m(t,s)eT, for every t,seT and
satisfied in the following conditions:

1. m(m(r,s),t) = m(r,m(s,t)),fordlr,s, t,eT;

2. For each t e T, there is a unique e(t) €T such
that m(¢t,e(t)) = m(e(t),t) = t;
3.FordltseT, e(m(t, s)) = m(e(t),e(s));

4, For eacht e T, thereis s e T such that m(t,s) =
m(s,t) = e(t);

s iscalled theinverse of ¢t and denoted by ¢ .

5. The following mappings are smooth.
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m: T XT->T and my: T > T
(t,5) » m(t,s) [

Example 2. Each Lie group is a generalized Lie
group. [3]

Example 3. If T is a generalized Lie group, then
T X T isageneralized Lie group with action:

m((a,b), (c,d)) = (m(a, ¢), m(b, d));
also, we have:

e(a,b) = (e(a),e(b))
(@b)t = (a-tbL)

Another mathematical object which isused in this
paper is Lie groupoid [2, 4]. A groupoid is a
category in which every arrow is invertible. More
precisely, a groupoid consists of two sets G and G,
called the set of morphisms or arrows and the set of
objects of groupoid respectively, together with two
maps a, f: G — G, called source and target maps
respectively, amap 1, : G, = G, x - x, caled the
object map, an inverse map i: G > G, a > a™t
and a composition G, = G o X3 G~ G, (b,a) >
(boa) defined on the pullback set:

G o X5 G = {(b,a)e G x G| a(b) = B(a)},

these maps should satisfy the following conditions:

1. a(boa) = a(a) and B(boa) = B(b) for al
(b, a)e Gy;

2. co(boa) = (cob)oa such that a(b) = B(a)
and a(c) = B(b),fordl a,b,ceG;
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a(l,) = B,) =x, foral x € Gy;

aolyqy = aandlggyoa = a, foral ae G;

5 a(@) =p@) and Bla™!) = a(a), for all
aeG.[2]

e

Definition 4. A groupoid G over G, is called Lie
groupoid if G and Gyare manifolds, @ and § are
surjective submersions and the composition is
smooth map. [4, 5]

Note: In this paper by m; T we mean the set of all
homotopy classes of paths in T, where T is a
manifold.

In the second section of this paper we show that,
for generalized Lie group T, the fundamental group
m,T is a generaized Lie group. Also, by definition
of generalized Lie group-groupoid, we show that
m,T is a generalized Lie group-groupoid. Then we
find a functor from category of generalized Lie
groups to category of generalized Lie group-
groupoids.

Section three is devoted to study a category
GLgGdCov(T) of the coverings of generdized Lie
group T and a category GLgGdOp(T) of the actions
of T on generalized Lie groups. We show that these
two categories are equivalent.

2. On Generalized Lie Group and Lie Group-
Groupoids

We begin this section by a connective proposition:

Proposition 5. If T is ageneralized Lie group, then
m, T isageneralized Lie group.

Proof: If (T,m) be a generadized Lie group, we
show that (m,T,m;m) is a generalized Lie group,
where we define

mym: mT XmT - mT
(f1.1gD = [m(f, 9] = [hl;
where k(i) = m(f (D), g(D)).

Also, we have:
e(fD = [e(N)]

and

17 = I

Then it is easy to show (mT,mym) is
generalized Lie group.

Now, we join two different important objects of
geometry, i.e. we define generalized Lie group-
groupoid.

Definition 6. A generalized Lie group-groupoid or
GLG — Gd is a Lie groupoid endowed with a
structure of generalized Lie group such that the
actionm: T XT—- T,theunitmape: T = T
and inverse map, which are the structure maps of
generalized Lie group, are Lie groupoid morphism.
Moreover, there exists an interchange low

m((boa), (doc)) = (m(b, d))o(m(a, c)).

Example 7. If T is a generalized Lie group, then
T XT is a GLG —Gd, because: since T is a
manifold, T X T is a Lie groupoid [6], and by the
Example 3, T X T isageneralized Lie group. Now
we show that the generalized Lie group structure
maps of T X T are groupoid morphisms. Suppose
that the action of T ism, and the actionof T X T is
m,. We have

my (((a,b), (@, b"))o((c, ), (c",d"))
= ml((a, b)o (¢, d),(a’,b")o (c', d’))
= ml((a, d), (a’,d’))
(m(a, a),m(d, d’))
(m(a, a’), m(b, b’))o(m(c, ¢, m(d, d’))
= ml((a, b), (a’, b’))oml((c, d), (¢, d’))

and

(aoml)((a, b)o (c, d))
= a(m(a, c), m(b, d))
=m(b,d)
= (moa’)((a, b)o (c, d)).

Also, Bom; = mop.

Similarly, it can be shown that the unit map and
the inverse map of the generalized Lie group are
groupoid morphisms. Moreover, we have

my((b, a)o (a,c), (b’,a")o (a’,c"))

= ml((b, c),(b’,c’)) = (m(b,b’),m(c,c’))
= (m(b,b"),m(a,a’))o(m(a a’),m(cc"))
= ml((b, a), (b, a’))oml((a, c), (a’, c’)).

ThenT X Tisa GLG — Gd.

Proposition 8. If (T,m) is ageneralized Lie group,
then (T, mym) isaGLG — Gd.

Proof: By the Proposition 5, ;T is a generalized
Lie group. From [4] we know that the m;m is a
morphism of Lie groupoids. Also, we have:
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mym(([blo[al), ([d]o[c]))

= mym([boal, [doc])

[m((boa), (doc))] = [(m(b,d))o(m(a,c))]
[m(b, d)]o[m(a, c)]

= (mym([b], [d]))o(m;m([a], [c])).

Now, we present the concept of the morphism in
this new category:

Definition 9. Let T; and T, be two generaized Lie
group-groupoids. A morphism f:T; —» T, of
generalized Lie group-groupoids is a morphism of
the underlying Lie groupoids, which preserves the
generalized Lie group structure, i.e. f(m,(a, b)) =
m,(f(a), f(b)), where m; and m, are the actions
T, and T,, respectively. [4]

Proposition 10. There exists a functor from the
category GLg of generalized Lie groups to the
category GLG — Gd of generdized Lie group-
groupoids.

Proof: Let T be a generalized Lie group. Then,
fromExample 7, T X T isaGLG —Gd. If f:T; —
T, isamorphism of generalized Lie groups, then

I['(f): TixTy, > T, XT,
(a,b) = (f(a), f(b))

is a morphism of GLG — Gds. So, T is a functor
from the category GLg to the category GLg — Gd.

3. Coverings and Actions of Generalized Lie
Group-Groupoids

We start this section by definition of covering
morphism of Lie groupoids.

Definition 11. Let p: G — G be a morphism of
Lie groupoids. For each % €G,, if the restriction G
of p is a diffeomorphism, p is caled the covering
morphism of Lie groupoids.

From [4], we know that the morphismp : G — G
is covering morphism of Lie groupoids iff the
morphism

(P, @):G = G 4 Xp, Gy
is a diffeomorphism.

Definition 12. A morphism f:T; —» T, of
generalized Lie group-groupoids is called a
covering morphism of generalized Lie group-
groupoids, if it is a covering morphism of
underlying Lie groupoids.

Proposition 13. Let (T, m,) and (T,, m,) be two
connected generalized Lie groups and p: T, — T,

be a covering morphism of generalized Lie groups.
Then the morphism mp:mT, » mT, is a
covering morphism of generalized Lie group-
groupoids.

Proof: From [6], m;p : m;T; — m,T, isacovering
morphism of Lie groupoids. Then we show that ;p
preserve the generalized Lie group structure:

m,p (mm(([al, [b])))
= mp([my(a, b))

= [pom,(a, b)]
[m2((poa), (pob))]
mym,([poal, [pob])
mymy(myplal, mip[b)).

Let T be a connected generalized Lie group.
GLgCov(T) is acategory whose objects are smooth
covering maps p: T — T of generdized Lie
groups and a morphisnm from p: M - M to
q: N> Nisamap r: M- N saisfying the
conditionp = qor.

Also, GLgGdCov(m,T) is acategory with smooth
covering morphisms p : G —» m,T of generalized
Lie group-groupoid as objects, where G, is
connected generalized Lie group. A morphism from
p:G > mTtog: H> mTisamapr: G —

H satisfying the conditionp = qor.

Now let us state a proposition from [4] to be
necessary for the proof of the following
proposition.

Proposition 14. Let T be a connected generalized
Liegroupand g : G —» m,T be covering morphism
of generalized Lie group-groupoids. Let T = G,
and p = qo:T > T. Let A denote an atlas
consisting of the liftable charts. Then the smooth
structure over ;T is the unique structure such that
the following hold:

1.p: T - Tisacovering map;

2. There exists an isomorphism r: G —» m,T
which is the identica on objects such that the
following diagram is commutative:

Here, we present two crucia theorems which
equal two different categories.
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Theorem 15. Let T be a connected generalized Lie
group. Then the categories GLgCov(T) and
GLgGdCov(m,T) are equivalent.

Proof:  Firstly, let us define functor
I GLgCov(T) - GLgGdCov(m,T) in the
following way:

Letp: T —» T be acovering map of generalized
Lie groups. Then by the Proposition 13, m;p :
mT - mT is a covering morphism of
generaized Lie group-groupoids. That is, T'(p) =
myp IS a covering morphism of generalized Lie
group-groupoids.

Secondly, let us define a functor
¢@: GLgGdCov(m,T) = GLgCov(T) asfollows:
Let g: G > mT be covering morphism of
generalized Lie group-groupoids, where T and G,
are connected generalized Lie groups. By the
Proposition 14, there exists a liftable manifold
structure on T such that p = q,:T - T is the
covering map of the generalized Lie groups. Thus
(@) = qo = p is a covering map of the
generalized Lie groups.

It is easy to show that natural equivalences
Ty = 1GLngCov(an) and @l = 1GLgCov(T) are
satisfied.

Definition 16. Let T be a GLG — Gd and M be a
generalized Lie group. An action of T on M via
generalized Lie group homomorphismw : M — T,
is a smooth map A: T, X, M > M, (t,n) — t.n
satisfying the conditions:

Lw(t.n) = B(t);

2. t1.(t;.n) = (ty0t,).n;

3. (1W(n)).n =n;

4, (t;.ny) X (t.ny) = (t; X t3).(ny X ny).

Remark 1. Let p: T — T be covering morphism
of GLG — Gds. We take M = T, and w = py :
To— T,. Thus we obtain an action
ATy %, To= Ty, (a,%)— a.% = (@) of T on
M =T,byw = p,, whered islifting of a.

Remark 2. Let T be a GLG — Gd acting on
generalized Lie group M via generalized Lie group
homomorphism w : M — T,. Then we have action
generalized Lie group T +*M whose objects
manifold is generalized Lie group M. Future, action
generalized Liegroup T * M isa GLG — Gd by the
operation (a, x).(b,y) = (a.b,x.y), where the
operation "." is defined by the generalized Lie
group operationof G — Gd T.

Proposition 17. The first projectionp : T * M —
T with w: M - T, is a covering morphism of
generalized Lie groups. [4]

We construct the category GLgGdOp(T) whose
objects are smooth actions (M, w) and a morphism
from (M,w) to (M',w") isasmoothmap f: M —
M' suchthat w'of = wand f(a.x) = a.f(x).

Theorem 18. Let T be a GLG — Gd. Then the
category GLgGdCov(T) of the coverings of T and
the category GLgGdOp(T) of the actions of T on
generalized Lie groups are equivalent.

Proof: Firstly, let us define a functor
I':GLgGdCov(T) — GLgGdOp(T) in the
following way. For any covering morphism
p: T > T of GLG — Gd, we say that M =T,
andw = p,: T, » T,. From the Remark 1, we
obtain the smooth action A:T, X, T, — T,
(a,%)— a.% = (@) of GLG—Gd T on M =
T, via the smooth mapw = p,. Thus I'(p) is a
smooth action of GLG — Gd T on ageneralized Lie
group.

Secondly, we define a functor
¢ : GLgGdOp(T) - GLgGdCov(T) in this way.
Suppose A isthe action of GLG — Gd T on M viaw.
From Remark 2, there exists an action GLG — Gd
T + M and from Proposition 17 the first projection
p: T+M— T with w: M —> T, is a covering
morphism of generalized Lie groups. Thus ¢ (T, w)
isacovering morphism of GLG — Gds.

It is obvious that ¢I' = 16 g6acovery AN I'p =

1GLngO;o(T)-

This geometrical categories can be considered on
differentiable connections and exponential maps of
generalized Lie groups[7, 8].
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