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Abstract 

In this paper we construct the category of coverings of fundamental generalized Lie group-groupoid associated 
with a connected generalized Lie group. We show that this category is equivalent to the category of coverings of a 
connected generalized Lie group. In addition, we prove the category of coverings of generalized Lie group-
groupoid and the category of actions of this generalized Lie group-groupoid on a connected generalized Lie group 
are equivalent. 
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1. Introduction 

Certain manifolds such as the torus ܶଶ also have in 
multiplication structure, a generalized group 
structure; moreover, the generalized group 
operations are ܥஶ. Manifold such as these are 
called generalized Lie group or top space. 
Generalized Lie group is an important class of 
manifolds. In this generalized setting, several 
authors ( Molaei M. R., Mehrabi M., Oloomi A., 
Araujo J., Tahmoresi A., etc.) studied various 
aspects and concepts of generalized groups and 
generalized Lie groups (top spaces) [1]. This 
structure is a different structure from the useful and 
remarkable Lie groupoid which has been introduced 
and studied by Gheorghe Ivan [2]. 

Precisely, the concept of generalized Lie groups 
is defined by a set of definitions, i.e.: 
 
Definition 1. ([3, 1]) A non-empty Hausdorff 
smooth d-dimensional manifold ܶ is called a 
generalized Lie group, if there is a product ݉	on ܶ 
such that		݉ሺݐ, ,ݐ ܶ, for every	߳	ሻݏ  and ܶ	߳	ݏ
satisfied in the following conditions: 
1. 	݉ሺ݉ሺݎ, ,ሻݏ ሻݐ 	ൌ 	݉ሺݎ,݉ሺݏ, ,ݎ	ሻሻ, for allݐ ,ݏ ,ݐ ߳	ܶ; 
2. For each		ݐ	߳	ܶ, there is a unique ݁ሺݐሻ	߳ܶ such 
that ݉ሺݐ, ݁ሺݐሻሻ 	ൌ ݉ሺ݁ሺݐሻ, ሻݐ 	ൌ 	;ݐ	
3. For all ݐ, ,ݐ൫݉ሺ݁ ,ܶ	߳	ݏ ሻ൯ݏ ൌ 	݉൫݁ሺݐሻ, ݁ሺݏሻ൯; 
4. For each	ݐ	߳	ܶ, there is ݏ	߳	ܶ such that ݉ሺݐ, ሻݏ ൌ
	݉ሺݏ, ሻݐ ൌ 	݁ሺݐሻ; 
 .ଵିݐ and denoted by ݐ is called the inverse of ݏ
5. The following mappings are smooth. 
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݉ ׷ 	ܶ	 ൈ ܶ ՜ 	ܶ											ܽ݊݀										݉ଵ ׷ 	ܶ	 ՜ 	ܶ	
								ሺݐ, ሻݏ ՜ 	݉ሺݐ, ݐ																																	ሻݏ ՜ 	 	ଵିݐ

 
Example 2. Each Lie group is a generalized Lie 
group. [3] 
 
Example 3. If ܶ is a generalized Lie group, then 
ܶ ൈ ܶ is a generalized Lie group with action: 
 

݉൫ሺܽ, ܾሻ, ሺܿ, ݀ሻ൯ ൌ 	 ൫݉ሺܽ, ܿሻ,݉ሺܾ, ݀ሻ൯;	
	
also, we have: 
 

݁ሺܽ, ܾሻ 	ൌ 	 ሺ݁ሺܽሻ, ݁ሺܾሻሻ	
ሺܽ, ܾሻିଵ ൌ 	 ሺܽିଵ, ܾିଵሻ.	

 
Another mathematical object which is used in this 

paper is Lie groupoid [2, 4]. A groupoid is a 
category in which every arrow is invertible. More 
precisely, a groupoid consists of two sets ܩ and ܩ଴ 
called the set of morphisms or arrows and the set of 
objects of groupoid respectively, together with two 
maps ߙ, :ߚ ܩ ՜  ଴ called source and target mapsܩ
respectively, a map 1଴ ׷ ଴ܩ ՜ G, 	ݔ ՜  ଴ called theݔ
object map, an inverse map ݅ ׷ 	ܩ	 ՜ ܽ ,ܩ ՜ ܽିଵ 
and a composition ܩଶ 	ൌ ఈ		ܩ	 ൈఉ G ՜ G, 	ሺܾ, ܽሻ ՜
ሺܾܽ݋ሻ defined on the pullback set: 
 

ఈ		ܩ ൈఉ G ൌ ሼሺܾ, ܽሻ߳	ܩ ൈ ሺܾሻߙ	|ܩ ൌ  ,ሺܽሻሽߚ
 
these maps should satisfy the following conditions: 
ሻܽ݋ሺܾߙ .1 ൌ ሻܽ݋ሺܾߚ ሺܽሻ andߙ	 ൌ   for all	ሺܾሻߚ

ሺܾ, ܽሻ߳	ܩଶ; 
ሻܽ݋ሺܾ݋ܿ .2 	ൌ 	 ሺܾܿ݋ሻܽ݋ such that ߙሺܾሻ 	ൌ  ሺܽሻߚ	

and ߙሺܿሻ ൌ ,ܽ ሺܾሻ, for allߚ	 ܾ,  ;ܩ	߳	ܿ
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ሺ1௫ሻߙ .3 ൌ ሺ1௫ሻߚ ൌ  ;଴ܩ	߳	ݔ for all ,ݔ
1ఈሺ௔ሻ݋ܽ .4 ൌ ܽ	and1ఉሺ௔ሻܽ݋ ൌ ܽ,	 for all ܽ߳	ܩ; 

ሺܽିଵሻߙ .5 ൌ ሺܽିଵሻߚ	 and		ሺܽሻߚ ൌ  ሺܽሻ, for allߙ
 [2] .ܩ	߳	ܽ

Definition 4. A groupoid ܩ over ܩ଴ is called Lie 
groupoid if ܩ and ܩ଴are manifolds, ߙ and ߚ are 
surjective submersions and the composition is 
smooth map. [4, 5] 
 
Note: In this paper by ߨଵܶ we mean the set of all 
homotopy classes of paths in ܶ, where ܶ is a 
manifold. 

In the second section of this paper we show that, 
for generalized Lie group 	ܶ, the fundamental group 
 ଵܶ is a generalized Lie group. Also, by definitionߨ
of generalized Lie group-groupoid, we show that 
 ଵܶ is a generalized Lie group-groupoid. Then weߨ
find a functor from category of generalized Lie 
groups to category of generalized Lie group-
groupoids.  

Section three is devoted to study a category 
 ሺܶሻ of the coverings of generalized Lieݒ݋ܥ݀ܩ݃ܮܩ
group ܶ and a category ݌ܱ݀ܩ݃ܮܩሺܶሻ of the actions 
of ܶ on generalized Lie groups. We show that these 
two categories are equivalent. 

2. On Generalized Lie Group and Lie Group-
Groupoids 

We begin this section by a connective proposition: 
 
Proposition 5. If ܶ is a generalized Lie group, then 
 .ଵܶ is a generalized Lie groupߨ
 
Proof: If ሺܶ,݉ሻ be a generalized Lie group, we 
show that ሺߨଵܶ,  ,ሻ is a generalized Lie group	ଵ݉ߨ
where we define 
 

ଵ݉ߨ ׷ ଵܶߨ	 ൈ 	ଵܶߨ ՜ 		ଵܶߨ	
	

ሺሾ݂ሿ, ሾ݃ሿሻ ՜ 	 ሾ݉ሺ݂, ݃ሻሿ ൌ 	 ሾ݄ሿ;	
	
where		݄ሺ݅ሻ ൌ 	݉൫݂ሺ݅ሻ, ݃ሺ݅ሻ൯. 
Also, we have: 
 

݁ሺሾ݂ሿሻ 	ൌ 	 ሾ݁ሺ݂ሻሿ	
	
and 
 

ሾ݂ሿିଵ ൌ 	 ሾ݂ିଵሿ.	
 

Then it is easy to show ሺߨଵܶ	,  ሻ is	ଵ݉ߨ
generalized Lie group. 

Now, we join two different important objects of 
geometry, i.e. we define generalized Lie group-
groupoid. 
 

Definition 6. A generalized Lie group-groupoid or 
ܩܮܩ െ  is a Lie groupoid endowed with a ݀ܩ
structure of generalized Lie group such that the 
action ݉ ׷ 	ܶ	 ൈ 	ܶ ՜ 	ܶ, the unit map ݁ ׷ 	ܶ	 ՜ 	ܶ 
and inverse map, which are the structure maps of 
generalized Lie group, are Lie groupoid morphism. 
Moreover, there exists an interchange low 
 

݉൫ሺܾܽ݋ሻ, ሺ݀ܿ݋ሻ൯ ൌ 	 ൫݉ሺܾ, ݀ሻ൯݋൫݉ሺܽ, ܿሻ൯.	
 
Example 7. If ܶ is a generalized Lie group, then 
ܶ	 ൈ ܶ is a 	ܩܮܩ െ  because: since ܶ is a ,݀ܩ
manifold, ܶ	 ൈ ܶ is a Lie groupoid [6], and by the 
Example 3, ܶ	 ൈ ܶ is a generalized Lie group. Now 
we show that the generalized Lie group structure 
maps of ܶ	 ൈ ܶ are groupoid morphisms. Suppose 
that the action of ܶ is ݉, and the action of ܶ	 ൈ ܶ is 
݉ଵ. We have 
 

݉ଵ ቀ൫ሺܽ, ܾሻ, ሺܽᇱ, ܾᇱሻ൯o൫ሺܿ, ݀ሻ, ሺܿᇱ, ݀ᇱሻ൯ቁ																																																						

ൌ ݉ଵ൫ሺܽ, ܾሻ݋	ሺܿ, ݀ሻ, ሺܽᇱ, ܾᇱሻ݋	ሺܿᇱ, ݀ᇱሻ൯ 
ൌ ݉ଵ൫ሺܽ, ݀ሻ, ሺܽᇱ, ݀ᇱሻ൯																														 
ൌ ൫݉ሺܽ, ܽᇱሻ,݉ሺ݀, ݀ᇱሻ൯																												 

											ൌ ൫݉ሺܽ, ܽᇱሻ,݉ሺܾ, ܾᇱሻ൯݋൫݉ሺܿ, ܿᇱሻ,݉ሺ݀, ݀ᇱሻ൯ 
							ൌ ݉ଵ൫ሺܽ, ܾሻ, ሺܽᇱ, ܾᇱሻ൯݉݋ଵ൫ሺܿ, ݀ሻ, ሺܿᇱ, ݀ᇱሻ൯ 

 
and 
 

ሺ݉݋ߙଵሻ൫ሺܽ, ܾሻ݋	ሺܿ, ݀ሻ൯
ൌ ,൫݉ሺܽߙ ܿሻ,݉ሺܾ, ݀ሻ൯																															 

ൌ ݉ሺܾ, ݀ሻ										 
																			ൌ ሺ݉ߙ݋ᇱሻ൫ሺܽ, ܾሻ݋	ሺܿ, ݀ሻ൯. 

 
Also, 	݉݋ߚଵ ൌ  .ߚ݋݉

Similarly, it can be shown that the unit map and 
the inverse map of the generalized Lie group are 
groupoid morphisms. Moreover, we have 
 
݉ଵ൫ሺܾ, ܽሻ݋	ሺܽ, ܿሻ, ሺܾᇱ, ܽᇱሻ݋	ሺܽᇱ, ܿᇱሻ൯ 																																																												
ൌ ݉ଵ൫ሺܾ, ܿሻ, ሺܾᇱ, ܿᇱሻ൯ 	ൌ ൫݉ሺܾ, ܾᇱሻ,݉ሺܿ, ܿᇱሻ൯ 								
ൌ ൫݉ሺܾ, ܾᇱሻ,݉ሺܽ, ܽᇱሻ൯݋൫݉ሺܽ, ܽᇱሻ,݉ሺܿ, ܿᇱሻ൯ 				
ൌ ݉ଵ൫ሺܾ, ܽሻ, ሺܾᇱ, ܽᇱሻ൯݉݋ଵ൫ሺܽ, ܿሻ, ሺܽᇱ, ܿᇱሻ൯. 
 
Then ܶ ൈ ܶ is a 	ܩܮܩ െ  .݀ܩ
 
Proposition 8. If ሺܶ,݉ሻ is a generalized Lie group, 
then ሺߨଵܶ, ܩܮܩ ଵ݉ሻ is aߨ െ  .݀ܩ
 
Proof: By the Proposition 5, ߨଵܶ is a generalized 
Lie group. From [4] we know that the ߨଵ݉ is a 
morphism of Lie groupoids. Also, we have: 
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,ሾܽሿሻ݋ଵ݉൫ሺሾܾሿߨ ሺሾ݀ሿ݋ሾܿሿሻ൯
ൌ ,ሿܽ݋ଵ݉ሺሾܾߨ ሾ݀ܿ݋ሿሻ 																																																		
ൌ 	 ሾ݉ሺሺܾܽ݋ሻ, ሺ݀ܿ݋ሻሻሿ 	ൌ 	 ሾሺ݉ሺܾ, ݀ሻሻ݋ሺ݉ሺܽ, ܿሻሻሿ 	
ൌ 	 ሾ݉ሺܾ, ݀ሻሿ݋ሾ݉ሺܽ, ܿሻሿ 	
ൌ 	 ൫ߨଵ݉ሺሾܾሿ, ሾ݀ሿሻ൯݋൫ߨଵ݉ሺሾܽሿ, ሾܿሿሻ൯.	

 
Now, we present the concept of the morphism in 

this new category: 
 
Definition 9. Let ଵܶ and ଶܶ be two generalized Lie 
group-groupoids. A morphism ݂: ଵܶ 	՜ 	 ଶܶ of 
generalized Lie group-groupoids is a morphism of 
the underlying Lie groupoids, which preserves the 
generalized Lie group structure, i.e. ݂ሺ݉ଵሺܽ, ܾሻሻ 	ൌ
	݉ଶሺ݂ሺܽሻ, ݂ሺܾሻሻ, where ݉ଵ and ݉ଶ are the actions 
ଵܶ and	 ଶܶ, respectively. [4] 

 
Proposition 10. There exists a functor from the 
category ݃ܮܩ of generalized Lie groups to the 
category ܩܮܩ െ -of generalized Lie group ݀ܩ
groupoids. 
 
Proof: Let ܶ be a generalized Lie group. Then, 
from Example 7, ܶ	 ൈ ܶ is a ܩܮܩ െ :݂ If .݀ܩ ଵܶ 	՜
	 ଶܶ is a morphism of generalized Lie groups, then 
 

Γሺ݂ሻ ׷ 	 ଵܶ ൈ ଵܶ ՜ ଶܶ ൈ ଶܶ	
								ሺܽ, ܾሻ 	՜ ሺ݂ሺܽሻ, ݂ሺܾሻሻ	

	
is a morphism of ܩܮܩ െ  So, Γ is a functor .ݏ݀ܩ
from the category ݃ܮܩ to the category	݃ܮܩ െ   .݀ܩ

3. Coverings and Actions of Generalized Lie 
Group-Groupoids 

We start this section by definition of covering 
morphism of Lie groupoids. 
 
Definition 11. Let ݌ ׷ ෨ܩ	 	՜  be a morphism of ܩ
Lie groupoids. For each ݔ෤	߳ܩ෨଴, if the restriction ܩ෨௫෤ 
of ݌ is a diffeomorphism, ݌ is called the covering 
morphism of Lie groupoids. 

From [4], we know that the morphism ݌ ׷ ෨ܩ	 	՜  ܩ
is covering morphism of Lie groupoids iff the 
morphism 
 

ሺ݌, :ሻߙ ෨ܩ ՜ ఈ		ܩ ൈ௣బ  ෨଴ܩ
 
is a diffeomorphism. 
 
Definition 12. A morphism ݂: ଵܶ 	՜ 	 ଶܶ of 
generalized Lie group-groupoids is called a 
covering morphism of generalized Lie group-
groupoids, if it is a covering morphism of 
underlying Lie groupoids. 
 
Proposition 13. Let ሺ ଵܶ, ݉ଵሻ and ሺ ଶܶ, ݉ଶሻ be two 
connected generalized Lie groups and ݌: ଵܶ 	՜ 	 ଶܶ 

be a covering morphism of generalized Lie groups. 
Then the morphism ߨଵ݌ ׷ ଵߨ ଵܶ 	՜ ଵߨ	 ଶܶ is a 
covering morphism of generalized Lie group-
groupoids. 
 
Proof: From [6], ߨଵ݌ ׷ ଵߨ ଵܶ 	՜ ଵߨ	 ଶܶ is a covering 
morphism of Lie groupoids. Then we show that ߨଵ݌ 
preserve the generalized Lie group structure: 
 

݌ଵߨ ቀߨଵ݉൫ሺሾܽሿ, ሾܾሿሻ൯ቁ

ൌ ,ሺሾ݉ଵሺܽ݌ଵߨ	 ܾሻሿሻ																												
										ൌ 	 ሾ݉݋݌ଵሺܽ, ܾሻሿ	

																							ൌ 	 ሾ݉ଶሺሺܽ݋݌ሻ, ሺܾ݋݌ሻሻሿ	
																							ൌ ,ሿܽ݋݌ଵ݉ଶሺሾߨ	 ሾܾ݋݌ሿሻ	

																																		ൌ ,ሾܽሿ݌ଵߨଵ݉ଶሺߨ	 						.ሾܾሿሻ݌ଵߨ
 
Let ܶ be a connected generalized Lie group. 
 ሺܶሻ is a category whose objects are smoothݒ݋ܥ݃ܮܩ
covering maps ݌ ׷ 	 ෨ܶ 	՜ 	ܶ of generalized Lie 
groups and a morphism from ݌ ׷ ෩ܯ	 ՜  to ܯ
ݍ ׷ 		 ෩ܰ 	՜ 	ܰ is a map ݎ ׷ ෩ܯ	 ՜ ෩ܰ satisfying the 
condition	݌ ൌ  .ݎ݋ݍ

Also, ݒ݋ܥ݀ܩ݃ܮܩሺߨଵܶሻ is a category with smooth 
covering morphisms ݌ ׷ ෨ܩ 	՜   of generalized	ଵܶߨ	
Lie group-groupoid as objects, where ܩ෨଴ is 
connected generalized Lie group. A morphism from 
݌ ׷ ෨ܩ 	՜ ݍ ଵܶ toߨ	 ׷ ෩ܪ	 ՜ ݎ ଵܶ is a mapߨ	 ׷ ෨ܩ	 	՜
݌	෩ satisfying the conditionܪ		 ൌ  .ݎ݋ݍ

Now let us state a proposition from [4] to be 
necessary for the proof of the following 
proposition. 
 
Proposition 14. Let ܶ be a connected generalized 
Lie group and ݍ ׷ ෨ܩ	 ՜  ଵܶ be covering morphismߨ	
of generalized Lie group-groupoids. Let ෨ܶ ൌ  ෨଴ܩ
and			݌	 ൌ 	 :଴ݍ ෨ܶ ՜ ܶ. Let ܣ denote an atlas 
consisting of the liftable charts. Then the smooth 
structure over ߨଵܶ is the unique structure such that 
the following hold: 
݌ .1 ׷ 	 ෨ܶ 	՜ 	ܶ is a covering map; 
2. There exists an isomorphism ݎ ׷ ෨ܩ	 ՜ ଵߨ	 ෨ܶ  
which is the identical on objects such that the 
following diagram is commutative: 
 
 
 
 
 
 
 
 
 
 

Here, we present two crucial theorems which 
equal two different categories. 
 

ଵߨ

෨ܩଵߨ

ଵߨ
ݎ

ݍ
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Theorem 15. Let ܶ be a connected generalized Lie 
group. Then the categories ݒ݋ܥ݃ܮܩሺܶሻ and 
 .ଵܶሻ are equivalentߨሺݒ݋ܥ݀ܩ݃ܮܩ
 
Proof: Firstly, let us define functor 
Γ:	ݒ݋ܥ݃ܮܩሺܶሻ 	՜  ଵܶሻ in theߨሺݒ݋ܥ݀ܩ݃ܮܩ	
following way: 
Let ݌ ׷ 	 ෨ܶ 	՜ 	ܶ be a covering map of generalized 
Lie groups. Then by the Proposition 13, ߨଵ݌ ׷
ଵߨ	 ෨ܶ 	՜  ଵܶ is a covering morphism ofߨ	
generalized Lie group-groupoids. That is, Γሺ݌ሻ 	ൌ
 is a covering morphism of generalized Lie ݌ଵߨ	
group-groupoids. 

Secondly, let us define a functor 
ଵܶሻߨሺݒ݋ܥ݀ܩ݃ܮܩ	:߮ 	՜  :ሺܶሻ as followsݒ݋ܥ݃ܮܩ
Let ݍ ׷ ෨ܩ	 ՜  ଵܶ be covering morphism ofߨ	
generalized Lie group-groupoids, where ܶ and ܩ෨଴ 
are connected generalized Lie groups. By the 
Proposition 14, there exists a liftable manifold 
structure on ෨ܶ 	 such that ݌	 ൌ :଴ݍ	 ෨ܶ ՜ ܶ is the 
covering map of the generalized Lie groups. Thus 
߮ሺݍሻ 	ൌ ଴ݍ	 	ൌ  is a covering map of the ݌	
generalized Lie groups. 

It is easy to show that natural equivalences 
Γ߮ ؄ 1ீ௅௚ீௗ஼௢௩ሺగభ்ሻ and ߮Γ	 ؄ 1ீ௅௚஼௢௩ሺ்ሻ are 
satisfied.	 
 
Definition 16. Let ܶ be a 	ܩܮܩ െ  be a ܯ and ݀ܩ
generalized Lie group. An action of ܶ on ܯ via 
generalized Lie group homomorphism ݓ ׷ 	ܯ	 ՜ ଴ܶ 
is a smooth map ߣ: 	ܶ	ఈ ൈ௪ M ՜ M, ሺݐ, ݊ሻ ฽ .ݐ	 ݊ 
satisfying the conditions:	
.ݐሺݓ .1 ݊ሻ ൌ  ;ሻݐሺߚ	
.ଵݐ	 .2 ሺݐଶ. ݊ሻ ൌ 	 ሺݐଵݐ݋ଶሻ. ݊; 
3. 	൫1௪ሺ௡ሻ൯. ݊	 ൌ 	݊; 
4. 	ሺݐଵ. ݊ଵሻ ൈ	ሺݐଶ. ݊ଶሻ ൌ 	 ሺݐଵ ൈ	ݐଶሻ. ሺ݊ଵ 	ൈ ݊ଶሻ.	
 
Remark 1. Let ݌ ׷ 	 ෨ܶ 	՜ 	ܶ be covering morphism 
of	ܩܮܩ െ 	ܯ We take .ݏ݀ܩ ൌ 	 ෨ܶ଴ and ݓ	 ൌ ଴݌	 ׷
		 ෨ܶ଴ ՜ 	 ଴ܶ. Thus we obtain an action 
:ߣ 	ܶ	ఈ ൈ௪ 	 ෨ܶ଴ ՜ 	 ෨ܶ଴, ሺܽ, ෤ሻݔ ฽ 	ܽ. ෤ݔ 	ൌ ෨ሺߚ ෤ܽሻ of ܶ on 
	ܯ ൌ ෨ܶ଴ by ݓ	 ൌ  .ܽ	଴, where ෤ܽ is lifting of݌	
 
Remark 2. Let ܶ be a ܩܮܩ െ  acting on ݀ܩ
generalized Lie group ܯ via generalized Lie group 
homomorphism		ݓ ׷ 	ܯ	 ՜ ଴ܶ. Then we have action 
generalized Lie group ܶ כ  whose objects ܯ
manifold is generalized Lie group	ܯ. Future, action 
generalized Lie group ܶ כ ܩܮܩ is a ܯ െ  by the ݀ܩ
operation	ሺܽ, .ሻݔ ሺܾ, ሻݕ 	ൌ 	 ሺܽ. ܾ, .ݔ  ሻ, where theݕ
operation ". " is defined by the generalized Lie 
group operation of ܩ െ  .ܶ ݀ܩ
 
Proposition 17. The first projection ݌ ׷ 	ܶ	 כ ܯ	 ՜
	ܶ with ݓ ׷ 	ܯ	 ՜ ଴ܶ is a covering morphism of 
generalized Lie groups. [4] 

We construct the category ݌ܱ݀ܩ݃ܮܩሺܶሻ	whose 
objects are smooth actions ሺݓ,ܯሻ and a morphism 
from ሺݓ,ܯሻ to ሺܯᇱ, ݂ ᇱሻ is a smooth mapݓ ׷ 	ܯ	 ՜
݂݋ᇱݓ ᇱ such thatܯ	 ൌ .and ݂ሺܽ ݓ ሻݔ ൌ 	ܽ. ݂ሺݔሻ. 
 
Theorem 18. Let ܶ be a		ܩܮܩ െ  Then the .݀ܩ
category ݒ݋ܥ݀ܩ݃ܮܩሺܶሻ of the coverings of ܶ and 
the category ݌ܱ݀ܩ݃ܮܩሺܶሻ of the actions of ܶ on 
generalized Lie groups are equivalent. 
 
Proof: Firstly, let us define a functor 
ሺܶሻݒ݋ܥ݀ܩ݃ܮܩ	:߁ ՜  ሺܶሻ in the݌ܱ݀ܩ݃ܮܩ
following way. For any covering morphism  
݌ ׷ 	 ෨ܶ 	՜ 	ܶ of		ܩܮܩ െ 	ܯ we say that ,݀ܩ ൌ ෨ܶ଴ 
and	ݓ	 ൌ ଴݌	 ׷ 	 ෨ܶ଴ 	՜ 	 ଴ܶ. From the Remark 1, we 
obtain the smooth action ߣ: 	ܶ	ఈ ൈ௪ 	 ෨ܶ଴ ՜ 	 ෨ܶ଴, 
ሺܽ, ෤ሻݔ ฽ 	ܽ. ෤ݔ 	ൌ ෨ሺߚ ෤ܽሻ of ܩܮܩ െ 	ܯ on ܶ ݀ܩ ൌ
	 ෨ܶ଴ via the smooth map	ݓ	 ൌ  ሻ is a݌ሺ߁ ଴. Thus݌	
smooth action of ܩܮܩ െ  on a generalized Lie ܶ	݀ܩ
group. 

Secondly, we define a functor 
߶ ׷ ሺܶሻ݌ܱ݀ܩ݃ܮܩ	 ՜  .ሺܶሻ in this wayݒ݋ܥ݀ܩ݃ܮܩ	
Suppose ߣ is the action of ܩܮܩ െ  .ݓ	via ܯ on ܶ	݀ܩ
From Remark 2, there exists an action ܩܮܩ െ 	 ݀ܩ
ܶ כ  and from Proposition 17 the first projection ܯ
݌ ׷ 	ܶ כ ܯ ՜ 	ܶ	 with ݓ ׷ ܯ	 ՜	 ଴ܶ is a covering 
morphism of generalized Lie groups. Thus ߶ሺܶ,ݓሻ 
is a covering morphism of		ܩܮܩ െ  .ݏ݀ܩ
It is obvious that ߶߁ ൌ	1ீ௅௚ீௗ஼௢௩ሺ்ሻ and ߁߶ ൌ
	1ீ௅௚ீௗை௣ሺ்ሻ.	 

This geometrical categories can be considered on 
differentiable connections and exponential maps of 
generalized Lie groups [7, 8]. 
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